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Abstract The modon, a pair of counter-rotating vortices propelling one another along a straight line, is
an idealization of some observed large-scale and small-scale atmospheric and oceanic processes (e.g., twin
cyclones), providing a challenging nonlinear test for fluid-dynamics solvers (known as ‘‘dynamical cores’’).
We present an easy-to-setup test of colliding modons suitable for both shallow-water and three-
dimensional dynamical cores on the sphere. Two pairs of idealized modons are configured to collide,
exchange vortices, and depart in opposite directions, repeating indefinitely in the absence of ambient rota-
tion. This test is applicable to both hydrostatic and nonhydrostatic dynamical cores and is particularly challeng-
ing for refined grids on the sphere, regardless of solution methodology, or vertical coordinate. We applied this
test to three popular dynamical cores, used by three different general circulation models: the Spectral-Element
(SE) core of the Community Atmosphere Model, the Geophysical Fluid Dynamics Laboratory (GFDL) spectral
core, and the GFDL Finite-Volume Cubed-Sphere dynamical core (FV3). Tests with a locally refined grid and
nonhydrostatic dynamics were also performed with FV3. All cores tested were able to capture the propagation,
collision, and exchange of the modons, albeit the rate at which the modon was diffused varied between the
three cores and showed a strong dependence on the strength of hyperdiffusion.

1. Introduction

Idealized testing of Atmospheric General Circulation Model (AGCM) components is an essential part of
weather-climate model development and validation, as it can reveal the capabilities or expose potential
flaws of the numerical design. A number of tests have been proposed for atmospheric dynamical cores
(Held & Suarez, 1994; Jablonowski & Williamson, 2006; Reed & Jablonowski, 2012; Robert, 1993; Sch€ar et al.,
2002; Straka et al., 1993; Williamson et al., 1992), results for a number of which can be found at http://www.
cgd.ucar.edu/cms/pel/colloquium.html, https://earthsystemcog.org/projects/dcmip-2012/Test_Cases/
results_by_model, and https://www.earthsystemcog.org/projects/dcmip-2016; see Ullrich et al. (2012) for
more information. These tests provide useful qualitative information, although few have exact solutions,
and in many cases it is difficult if not impossible to know the ‘‘correct’’ solution, necessitating subjective
judgements by developers and evaluators. Some of these tests are designed for Cartesian-coordinate, lim-
ited-area models, with grid spacings of a few kilometers or finer, and may only be extendable to the sphere
by performing special initialization methods or by artificially reducing the radius of the sphere (the small-
earth approximation) to make it computationally feasible. Many tests intended for spherical geometry were
designed only for shallow-water flows and are difficult to extend to three dimensions. Finally, some of these
tests focus mainly on linear and/or divergent motions, despite the primacy of the strongly rotational and
nonlinear nature of severe weather events, such as hurricanes, tornadoes, extratropical cyclones, and in the
eddies vital to atmosphere-ocean interaction. The rotational component of atmospheric flows is vital to the
fidelity and the success of the simulations. Less recognized is its impact to the air-sea coupling: the dynami-
cal impact of the atmosphere to the ocean is mainly through the curl of the surface wind stress, which is
exerted by the rotational component of the atmospheric motion. Models designed for regional cloud-scale
simulation tend to emphasize the importance of the divergent component, rather than the rotational com-
ponent. Idealized tests with nonlinear rotational flows may expose design flaws in such models.

A fascinating dynamical phenomenon occurs when two counter-rotating fluid vortices interact with one
another. Instead of merging or revolving around each other, they instead mutually push one another in the
same direction as if they were a single coherent feature in the fluid. This feature is most commonly called a
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‘‘modon’’ (Flierl, 1987; Muraki & Snyder, 2007; Tribbia, 1984) in atmo-
spheric science. Applied mathematicians call them ‘‘solitons,’’ owing
to both their nonlinearity and the fact that they can steadily propa-
gate in a straight line as if they were solitary waves (Ingersoll, 1973).
More rarely, some physicists refer to them as ‘‘quarks,’’ since the vor-
tices cannot exist in isolation, and if disturbed or separated the fea-
ture quickly breaks down. Exact solutions for counter-rotating
vortices have long been known (Batchelor, 1967; Lamb, 1932, section
155) for laboratory-scale flows, and extensions to the sphere have
shown great utility for studying many geophysical phenomena: cold-
core oceanic rings (Flierl, 1979), atmospheric blocking (Butchart

et al., 1989; McWilliams, 1980), the Rex (1950) block, often described as a modon; spontaneous imbalance
(Vanneste, 2013); and localized atmospheric jets (Muraki & Snyder, 2007).

We present a variant of the modon solution as a simple (to setup) yet challenging (to perform) test case for
dynamical cores. This test is initialized with a localized zonal jet streak (akin to a westerly wind burst within
the context of the Madden-Julian Oscillation (MJO)) in a nonrotating atmosphere without attempting to sat-
isfy the balance constraints in either the meridional wind, temperature, or in the pressure field. The model
is initialized with two opposing modons along the equator at antipodal points on the sphere, with one
propagating eastward and the other westward. Without the planetary rotation, each of the modons quickly
adjusts to a cyclostrophically balanced state, developing the quadrupole meridional wind pattern and pair
of cyclones characteristic of a balanced modon. The two modons then propagate toward each other; upon
colliding, the modons do not merge, but instead the positive/negative vortices are exchanged, forming two
new modons which then propagate poleward away from each other, with their original structure intact.
Upon crossing the pole and returning to the equator, the modons collide again, exchanging vortices and
again moving away from each other along the equator. This periodic process can, in principle, repeat indefi-
nitely as long as the modons are not diffused (numerically) and if there are no other numerical errors which
cause the modon to break by disrupting the symmetry of the vortices in the modon.

By leaving the initial state unbalanced and without the Coriolis force, the test is straightforward to set up, and
generates a nearly perpetual cycle of collision and exchange, if the numerical errors are small. The initial adjust-

ment process and the nonlinear vortex dynamics in this test make it a
valuable test of the horizontal discretization of the dynamical core. In
particular, spurious vorticity generation may disrupt the vortex symme-
try sufficiently to cause the modon to break. A model with spurious vor-
ticity generation revealed by this test could potentially possess similar
problems in a full-physics model, with attendant issues in weather and
climate simulations such as in the propagation of tropical cyclones.

This colliding modons test case appears to be ideal for a shallow-water
solver. However, to evaluate the ability of a three-dimensional solver’s
ability to handle nonlinear rotational flows and the potential effects of
the vertical coordinate or the nonhydrostatic solver, we therefore also
present a vertically homogeneous, isothermal variation of the test case.
This test can be applied to both hydrostatic and nonhydrostatic solv-
ers, regardless of the choice of vertical coordinate, as long as the
shallow-atmosphere assumption is made. We present results from sev-
eral different dynamical cores: shallow-water and hydrostatic simula-
tions using the GFDL spectral core (Held & Suarez, 1994), hydrostatic
simulations using the spectral-element core of the Community Atmo-
sphere Model (CAM-SE) (Taylor & Fournier, 2010), and shallow-water
and nonhydrostatic simulations using the GFDL finite-volume cubed-
sphere dynamical core (FV3) (Harris & Lin, 2013; Putman & Lin, 2007).
The test design and evaluation are robust enough to be applicable to
a wide range of solver types, numerical methods, and dynamical core
and grid configurations. In particular, we do not prescribe a certain

Table 1
Interface Pressures and Heights for the Five-Level Setup for a Stratified Model

z (km) 0 2 4 6 8 10

p (hPa) 1000.0 796.43 634.31 505.18 402.35 320.44
ak (hPa) 0.00 46.43 134.31 255.18 402.35 320.44
bk 1.00 0.75 0.50 0.25 0.00 0.00

Note. Geometric heights are given for a 300 K isothermal atmosphere. A
reference set of hybrid coordinate coefficients is provided.

Figure 1. Initial zonal wind field for all model levels. (top) A positive (westerly
wind) Gaussian wind at 90 degrees east and a negative (easterly wind) Gaussian
wind at 90 degrees west (i.e., 270 degrees east). (bottom) A zoom-in view of the
positive zonal wind perturbation at 90 degrees east.
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amount or type of diffusion; our only recommendation is that model-
ers use the same type and same order of magnitude of artificial diffu-
sion as would be used in a full-physics simulation, such as a climate
model or weather-prediction system.

The primary goal of the test is to be able to maintain the symmetric
modon pattern as long as possible, and to demonstrate that the
dynamical core produces a minimum of nonsymmetric noise that
can disturb the symmetry and cause the modon to break. This test
procedure is analogous to that of the Rossby-Haurwitz wave, Case 6
in Williamson et al. (1992), which tests how long a dynamical core
can maintain the symmetric global wave pattern. Further evaluation
of the test can be done by computing the amplitude of the modons
and the form of the equilibrated modons.

Section 2 provides a comprehensive test description, including the
analytical form of the initial condition and the extension to three-
dimensional stratified flows. Section 3 provides the test result from
different dynamical cores. A final discussion is provided in section 4.

2. Test Description

2.1. Specification of the Modons
In a shallow-water model, the initial flow depth is set to a uniform
10 km. In a three-dimensional model, for simplicity, the atmosphere
is assumed to be isothermal at 300 K with uniform initial surface
pressure of 1,000 hPa and a model top at 10 km; pressure fields can

be derived from hydrostatic balance (given height fields, see Table 1). The user is free to choose the vertical
coordinate and total number of layers in such a stratified configuration. As it should become clear, the verti-
cal resolution bears no consequence to the test results. In our stratified-model simulations, we chose, for
convenience, a five-level setup defined in Table 1, with each layer 2 km thick. We have also validated this
test with an extremely fine vertical resolution of 55 layers in CAM-SE. Both FV3 and CAM-SE use the Lagrang-
ian vertical coordinate (Lin, 2004) with a hybrid-pressure Eulerian reference coordinate, but the same verti-
cal levels can be used in a height-coordinate model without modification.

Unlike other modon tests (e.g., Muraki & Snyder, 2007; Snyder et al., 2007; Tribbia, 1984), this test specifies
no planetary rotation. While the Coriolis force is important in many atmospheric processes, we have
decided to turn it off to simplify the test configuration, to allow the modons to propagate initially westward
and eastward, and to avoid the need to specify a complex geostrophically balanced initial state. Turning off

the ambient rotation is common for idealized testing and intercompar-
ison (e.g., Reed et al., 2015; Sch€ar et al., 2002).

A single modon is initially defined by the zonal wind perturbation:

Mi5U0exp 2ðri=r0Þ2
h i

: (1)

The initial state consists of two oppositely signed zonal wind
perturbations:

u0ðk; hÞ5M12M2; (2)

where U0540 m/s, r05500 km, r1 and r2 are the great-circle distance
from the center of each modon, and k; hð Þ are the longitude and lati-
tude, respectively. The modons are initially centered at
k1; h1ð Þ5 p=2; 0ð Þ; k2; h2ð Þ5 3p=2; 0ð Þ. The full initial flows, both the

basic state and the modons, are vertically uniform and thereby the
flow is initially barotropic. Unlike Muraki and Snyder (2007), the pertur-
bation in zonal wind is a smooth Gaussian, and so less prone to create

Figure 2. Lower-most model level structure of the eastward moving modon on
day 5, after adjustment, in C192 (or equivalently 50 km) resolution shallow-
water FV3. (top) Relative vorticity showing the two counter-rotating vortices.
(middle) Zonal wind showing the westerly jet. (bottom) Meridional wind show-
ing the quadrupole pattern.

Table 2
A Summary of the Explicit Diffusion Mechanisms in the Three Dynamical Cores
Presented in this Paper

CAM-SE DTIME 1,200
se_nsplit 3
rsplit 3
qsplit 1
tstep_type 5
nu_div 2e13
nu 5e13
nu_top 0
nu_p 2e13
nu_q 2e13

GFDL spectral Hyperviscosity damping time
scale on highest wave number

0.1 d

GFDL FV3 Dimensionless divergence
damping coefficient

0.15
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Gibbs oscillations in spectral models. The initial zonal wind is depicted in
Figure 1. The background state is at rest and horizontally homogeneous.
The initial state has no vertical motion, and the simulations have no topog-
raphy or moisture.

2.2. Basic Characteristics of the Modons
The modons travel at an MJO-like speed (6–7 m/s) along the equator until
they collide. After the initial rapid cyclostrophic adjustment, two sets of twin-
vortex pairs form and propagate steadily toward each other. Since the mod-
ons are initially symmetric and there is no planetary rotation, the flow is sym-
metric about both h 5 0 (equator) and k5p. The structure of the eastward
moving modon at day 5 after the initial adjustment is shown in Figure 2. The
left (western) modon pair is created by the westerly wind burst, with a positive
vortex in the Northern Hemisphere and negative vortex in the Southern
Hemisphere, and traveling toward the east. The right (eastern) modon pair is
created by the easterly windburst and creates a similar vortex pair, but with
the signs of the vortices reversed and traveling toward the west. Although we
show the lowest model level in this and all other figures, in the stratified and
nonhydrostatic simulations, the solutions are visually the same on each level.

Although external gravity waves are excited by the initial unbalanced per-
turbations, the gravity waves rapidly decay after a few days due to numeri-
cal dissipation, either implicit or explicit. This wave radiation is common to
other soliton tests (cf., Snyder et al., 2007). We find that this external gravity
wave mode has a 1 day period in all three cores tested, as seen in the sur-
face pressure field. The structure of the modons are not affected by these
external modes, which will not be considered further.

We also found that the flow height does not affect the propagation of the
modons. The gravity wave speed does change with flow height, but the
amplitude of the gravity wave is much smaller than that of the modons.
Tests using a 5 km flow height in the shallow-water model are almost iden-
tical to the 10 km flow height runs.

The stratified-flow variant of this test case can be formulated in a pressure or
height-based vertical coordinate model without modification. While our strat-
ified tests use models with a constant pressure upper boundary, the test is
applicable to solvers with a rigid lid at the upper boundary, as was done in
many earlier modon tests. However, a wave-absorbing upper boundary con-
dition (e.g., Rayleigh friction or a diffusive sponge layer) that increases in
strength with height should not be applied, because that would create verti-
cal asymmetries and potentially forcing vertical motion. In all cases, we
strongly recommended that horizontal numerical dissipation, whether
implicit or explicit, be used, and that any numerical dissipation be of the same
type and order of magnitude as in a full-physics simulation, upper-boundary
wave-absorbing layers excepted. Dissipation should be considered an intrin-
sic part of any numerical scheme (Scott et al., 2016), and it is important to
perform the test with the same dissipation as would be used in a full-physics
model. The following sections will reveal that the choice of numerical dissipa-
tion does affect the evolution of the modons.

3. Results From Three Dynamical Cores

We present results using three different dynamical cores: National Center
for Atmospheric Research (NCAR) CAM-SE; the GFDL spectral dynamical
core; and GFDL FV3. All dynamical cores are run with grid spacings (or the

Figure 3. Vorticity (colored shading) from C192 shallow-water FV3 simu-
lations at days 1, 20, 40, and 100 (top to bottom). The trajectories of the
vortices are given by the gray curve, with colored dots showing the
location of the vortices at 10 day intervals. Coastlines are shown for ref-
erence purposes only.
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equivalent thereof) of roughly 0.5 degrees, with some additional using 0.25
degree resolution simulations; stratified-flow simulations use the five-level
setup described earlier, with model top at 10 km (320.44 hPa using the ini-
tialization described in the previous section). We will also present results
from the shallow-water configurations of the GFDL spectral core and of
FV3. In addition, for FV3, we also present results from the nonhydrostatic
solver and for a nonuniform stretched grid (Harris et al., 2016). It is found
that while there are differences between each of the cores and the differ-
ent solver configurations, the test case behaves similarly in all of the cores
and configurations tested.

3.1. Description of the Dynamical Cores
The CAM-SE dynamical core solves the hydrostatic primitive equations
using the continuous Galerkin spectral finite element method on a cubed-
sphere grid (Taylor & Fournier, 2010). Each cube face consists of a number
of elements inside of which the solution is integrated in spectral space of a
given order of accuracy. The vertical discretization adopts the vertically
Lagrangian approach (Lin, 2004). The configuration tested here uses a
fourth-order solver with 60 3 60 elements on each cube face (ne60np4)
and has 180 collocation points in each direction, equivalent to a 0.5 degree
resolution. A fourth-order hyperviscosity with damping coefficient 231013

m4 s21 is applied to divergence, tracers, and layer thickness, while a larger
coefficient of 531013 m4 s21 is applied to the other components of the
flow. The core namelist parameters are given in Table. 2, see an explana-
tion of the parameters at http://www.cesm.ucar.edu/cgi-bin/eaton/name-
list/nldef2html-cam5_3, and see Taylor and Fournier (2010) for further
details of the implementation of the diffusion in CAM-SE.

The GFDL spectral dynamical core solves the hydrostatic primitive equations
on a sphere with no bottom topography (Held & Suarez, 1994). The primitive
equations are integrated with the spectral-transform method in the horizon-
tal, and in stratified-flow simulations a centered finite-difference scheme is
used in the vertical (using sigma coordinate). The only dissipative mecha-
nism is an eighth-order hyperdiffusion imposed on the vorticity, divergence,
and temperature fields, with a damping time scale of 0.1 day for the smallest
waves, on the highest wave number. The hyperdiffusion coefficient is related
to damping time scale by m5s21ðKðK11ÞÞ24R8, where s is the damping
time scale, K is the maximum resolved wave number, and R is the Earth’s
radius. The filter parameter in Robert-Asselin time filter is set to be 0.04. Deal-
iasing grid for the quadratic product is done in the standard manner by add-
ing modes to the triangular truncation. More details on the diffusion in the
spectral core are given in Scott and Polvani (2007). The spectral core is run
with the T213 and T511 (triangular) truncations, equivalent to equatorial res-
olutions of 50 and 25 km, respectively.

The GFDL finite-volume cubed-sphere dynamical core (FV3) solves either the
nonlinear shallow-water equations, the hydrostatic primitive equations, or the
nonhydrostatic Euler equations, using the finite-volume method on the gno-
monic cubed-sphere grid, as described by Putman and Lin (2007) and Harris
and Lin (2013). The vector-invariant form of the shallow-water equations are
solved following the Lin and Rood (1997) shallow-water algorithm in the hori-
zontal on the dual Arakawa C and D-grid, with prognostic variables on the
D-grid updated using a forward-backward time integration. The pressure gra-
dient force is computed using the finite-volume algorithm of Lin (1997).
Fluxes for mass, absolute vorticity, and kinetic energy are computed using a
modification by Putman and Lin (2007) of the monotonic piecewise parabolic

Figure 4. Vorticity fields of different shallow-water models at days 20,
40, 60, 80, and 100. (a) FV3 (C192, 50 km grid spacing, same result as in
Figure 3); (b) FV3 C384; and the spectral-transform model at the resolu-
tions; (c) T213 or 50 km resolution; and (d) T511 or 25 km resolution.
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method (Colella & Woodward, 1984). Unless otherwise stated, a sixth-
order divergence damping with nondimensional coefficient d050:15 is
used to damp numerical noises near the grid-scale; this is an extension
of the fourth-order divergence damping described in Zhao et al. (2012).
No other explicit damping is specified. More information about the
damping in FV3 is given at www.earthsystemcog.org/site_media/proj-
ects/dycore_test_group/20160127_Diffusion_operators.pdf. The rota-
tional component of the flow is damped by the implicit diffusion
associated with the piecewise parabolic method. The primitive-equation
and nonhydrostatic solvers use a vertically Lagrangian mass-based coor-
dinate in the vertical (Lin, 2004). The nonhydrostatic version, a nones-
sential component for this test, uses a more traditional semi-implicit
solver for vertically propagating fast waves. A nonstaggered nonhydro-
static variation is described by Chen et al. (2013). Two uniform-
resolution grids are presented: a C192 grid, with 192 grid cells across a
cube face and an average grid-cell-width of 50 km, and a C384 grid,
with 384 grid cells across a cube face and an average grid-cell-width
of 25 km.

3.2. Shallow-Water Solutions
Figure 3 shows the vorticity field in the shallow-water FV3 with 50 km or C192 resolution. A 100 day simula-
tion is presented, with gray curves showing the trajectories of the vortices. At day 1, the modon pairs have
left their initial positions and started traveling toward each other along the equator, colliding and exchang-
ing positive/negative vortices between days 20 and 30. By design, the modons travel at an approximately

Figure 5. As in Figure 4a, but with the cubed-sphere grid rotated 45 degrees.
The gray dots are the rotated-cubed-sphere tile interfaces. The markers (x) are
the locations of the vortex from the run of the nonrotated grid.

Figure 6. Three-dimensional simulations at 50 km resolution depicting vorticity in the lowest of the five model levels. (a) Hydrostatic FV3 C192, (b) nonhydrostatic
FV3 C192, (c) hydrostatic spectral T213, and (d) CAM-SE ne60np4.
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averaged speed of 5 m/s, similar to that of the Madden-Julian Oscillation.
After the collision, the modons exchange vortices and then propagate
poleward, colliding and exchanging vortices again at day 70 at the equator.
By day 100, the modons have passed through their initial positions and
have begun a new cycle. A perfect model with no diffusion (implicit or
explicit) or phase errors should allow the modon pairs to continue this
cycle indefinitely; however, a realistic model should still be expected to fin-
ish at least one cycle while maintaining some resemblance to the original
modon pair.

How does the solution change with increased resolution? A 25 km or C384
resolution shallow-water FV3 simulation is shown in Figure 4b, with the sol-
utions every 20 days superposed onto one panel. Despite the doubled res-
olution the positions of the modons are nearly identical to that of the
50 km FV3 simulation in Figure 3, indicating that the 50 km solution is
converged.

How does the solution depend on the specific horizontal discretization?
Two simulations using the shallow-water GFDL spectral core, at T213 (Fig-
ure 4c) and T511 (Figure 4d) truncations, were performed. Both the trajec-
tories and the amplitude of the modons from the spectral core are very
similar to FV3. There is a small shift eastward in the day-100 location of the
eastward modon in the T511 simulation compared to the T213 simulation,
which is larger than the very minor shift in the C192 and C384 FV3

solutions.

The modon configuration is symmetric across the cubed-sphere grid used
by FV3 and CAM-SE, as the modons are propagating along grid lines. How
would the results change if the grid were rotated? Figure 5 shows the
results from a simulation in which the cubed sphere is rotated by 45
degrees, so that the modons pass through the corners and obliquely
through at least two of the faces. The results are still nearly identical—
judged by the trajectories and the final placement of the modons—to that
for the unrotated grid—demonstrating the robustness of the FV3

discretization.

3.3. Hydrostatic and Nonhydrostatic Solutions
The three-dimensional hydrostatic simulations with all three cores are very

similar. Figure 6a shows the FV3 hydrostatic C192 resolution result at the surface. The FV3 hydrostatic simu-
lation is almost the same as the shallow-water simulation, as are the nonhydrostatic FV3 and the hydrostatic
GFDL spectral model (Figures 4b and 4c, respectively). CAM-SE with a ne60np4 resolution (equivalent to
C192 in FV3) shows greater diffusion (Figure 6d) than the other cores even when reducing the fourth-order
diffusion coefficient by a factor of five from the default value. This reduction in the diffusion was necessary
to maintain the modon structure and to prevent excessive slowdown of the propagation of the modon. Fur-
ther reduction of this coefficient does not further reduce the dissipation of the modon. As noted earlier no
sponge layer is applied in any of the cores.

It is also interesting to compare the relative propagation speeds of the modon by considering their relative
positions on day 100. From Figure 6, we can see that the FV3 hydrostatic simulation is the fastest, the GFDL
spectral model slightly slower, and CAM-SE the slowest; the difference between the locations, however, is
less than about 1,000 km, implying a difference in propagation speeds of about 0.1 m s21. The slight differ-
ence in speeds may reveal something about the characteristics of vorticity advection in each model. We do
wish to stress that, in the absence of an analytic solution, we have no way of knowing which propagation
speed is ‘‘correct.’’ The goal of the test is not to produce the fastest-propagating modon, and a faster propa-
gation speed should not be interpreted as a better result. Further discussion of propagation speed lies
beyond the scope of this paper.

Figure 7. Domain-maximum vorticity of 50 km resolution equivalent
hydrostatic simulations in each dynamical core. (top) Hourly maxima for
the first 10 days of the simulation. (lower) Daily maxima for the entire
100 day integration time of each simulation. Note that the CAM-SE uses
a fourth-order (less scale-selective) hyperdiffusion. The nonhydrostatic
FV3 solution’s vorticity maximum is identical to that of the hydrostatic
solver and is not shown here.
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The time series of domain-maximum vorticity for each hydrostatic simula-
tion (Figure 7) shows that the modon amplitude in CAM-SE is decaying
more rapidly than in the spectral core and FV3. Interestingly, the spectral
core appears to show less oscillation in time than FV3. The vorticity maxi-
mum of the nonhydrostatic FV3 solution is virtually identical to that of the
hydrostatic FV3 solution, indicating that the nonhydrostatic component
does not fundamentally alter the diffusive or advective behavior of the
solver and that both the nonhydrostatic and hydrostatic solvers behave
correctly in the hydrostatic limit.

Why is CAM-SE more diffusive than FV3 and the spectral core? We have
found that this depends at least in part on the scale selectiveness of the
diffusion used. In FV3, we typically use a sixth-order divergence damping
(except in stretched-grid simulations in which fourth-order dissipation is
used), whereas in CAM-SE, a less scale-selective fourth-order hyperdiffusion
is used. For well-resolved disturbances, we would expect that the cumula-
tive diffusion of the solution when using fourth-order diffusion would be
greater. To test this, a C192 hydrostatic FV3 simulation was performed with
fourth-order damping; to compensate for the reduced scale-selectivity, the
diffusion coefficient was decreased from 0.15 to 0.12. The rate at which the
vorticity was dissipated was then more similar (albeit slower) compared to
that of CAM-SE (Figure 7), partially validating our hypothesis. There is a
minor westward shift of the location of the modon at day 100 in the
fourth-order dissipation FV3 simulation (not shown), but it is not shifted as
far west as in the CAM-SE simulation.

3.4. Nonhydrostatic Solutions on Nonuniform Grids
Nonuniform grids allow the dynamical core to locally improve the simula-
tion in a chosen focus region without the expense of a globally uniform
high resolution simulation. However, a nonuniform grid may distort propa-
gating features and/or the global circulation. Here we test the ability of FV3

to maintain the modon pairs as they pass through a refined region. The
cubed-sphere grid is stretched using the Schmidt (1977) transformation,

which gradually enhances the resolution on one grid face while degrading the opposite face, with smooth
transition on the four other faces of the cube. The resulting deformed grid resembles a flower with four pet-
als (as depicted in Figure 8), the center of which is the target high-resolution region. More details are given
in Harris et al. (2016).

In this test, the modons enter the high resolution area centered at p; 0ð Þ
through the east and west sides, respectively; collide, exchanging vortices;
and exit the high-resolution region toward the poles in opposing direc-
tions. Two nonuniform grids are used: the first, called C192r2, is a C192
base grid deformed by a stretch factor of 2, so that the grid-cell-width
varies from about 25 km at highest resolution (equivalent to the C384 grid
shown previously) to 100 km at coarsest resolution. The second nonuni-
form grid, called C192r3, is a C192 base grid deformed by a stretch factor
of 3, with grid-cell widths varying from 17 to 150 km. For stretched-grid
simulations using FV3, a less scale-selective fourth-order damping was used
due to the changing resolution, again with the diffusion coefficient
reduced to 0.12.

Our results demonstrate that both nonuniform grids (Figure 8) successfully
resolved the collision process of the two modons. The symmetric motion
of the modons is maintained for at least 80 days with C192r2 grid (Figure 8a)
and 60 days with the more aggressively stretched C192r3 grid (Figure 8b).
The issues with the C192r3 configuration may in part be due to the coarse

Figure 8. The vorticity of the lower-most full-model level closest to the
ground as in Figure 6 but with (a) C192r2 and (b) C192r3 nonuniform,
nonhydrostatic FV3. The gray dots are the stretched-cubed-sphere tile
interfaces. Note the ‘‘flower’’ formed by the grid outlines.

Figure 9. As in Figure 7 but for C192r2 and C192r3 nonuniform, nonhy-
drostatic FV3.
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150 km grid-cell width in the degraded-resolution region, which may not be sufficient to resolve the
500 km wide vortices. In both stretched-grid simulations, the amplitude of the modons decays roughly line-
arly (Figure 9) until the modons break; the decay rate is faster than in the uniform-resolution fourth-order
damping simulation (Figure 7). The decay rate is slower and the modon lasts longer on the C192r2 grid,
showing that more aggressive stretching can cause the modon to be diffused more quickly.

4. Conclusions

We presented an easy-to-implement modon test case that demonstrates readily interpreted behavior relat-
able to that of counter-rotating vortices, and gives a challenging test of the core’s ability to maintain strongly
nonlinear rotational flow without spurious vorticity generation. To simplify this test case and to allow the
modons to collide and exchange pairs, there is no planetary rotation, and the flow is initially barotropic. A fur-
ther simplification of the test specification is that we do not specify a fully balanced initial condition, but allow
the model to self-adjust to cyclostrophic balance, thereby creating a stronger test of the dynamical core. For-
mulations are given for shallow-water, stratified hydrostatic, and stratified nonhydrostatic solvers.

We have shown results from a variety of solvers, for both shallow-water and stratified flow, using three dif-
ferent horizontal discretizations, and also results using the nonhydrostatic option of the GFDL FV3 core. The
simulated modons behave similarly between all the solvers, which all maintain the modons for 100 days
and have similar positions on any particular day, although some difference in propagation and amplitude
between cores and due to the explicit diffusion are apparent. Neither the radiated gravity waves created by
the initial adjustment nor the depth of the flow nor the choice of equation set (shallow water, hydrostatic,
or nonhydrostatic) affect the propagation or diffusion of the modons in our tests.

Vertical motion has little to no effect on this test. The three different forms of the FV3 solver—shallow-
water, hydrostatic, and nonhydrostatic—show nearly identical solutions. We did find that while the motion
of the modon was similar between the solvers, the variability, and secular decay of the modon’s amplitude
was dependent upon the amount of dissipation, whether implicit or explicit, in the horizontal solver. We
also performed the modon test using FV3’s stretched-grid option. While the modon passed through the
refined region without significant distortion, the modon was diffused and eventually began to break after
passing through the degraded-resolution region on the opposing side of the domain.

We have shown that the test design and evaluation method is sufficiently robust to be used with a wide range
of solver types, numerical methods, diffusion types, and grid configurations, and that the test does not require
any particular form of these. We encourage model developers to use this test as a means of exploring the
effects of different design and configuration choices of their dynamical cores, as a development and debug-
ging tool. Our only recommendation for presenting results from a core is that modelers use the same type,
and same order of magnitude, of diffusion as would be used in a full-physics weather or climate simulation
(excluding the top sponge layer), to ensure that the results are representative of real-world model use.

Global models with a height-based vertical coordinate (and with a rigid lid) tend to apply additional filters to
suppress the external mode (Jablonowski & Williamson, 2011, section 13.4.4). If for stability reasons, the strength
of such ‘‘external mode’’ filter is very strong, the model could become highly dissipative under weak wind shear
conditions (more barotropic) when the real-world cyclogenesis is most favorable. Models with a split-explicit
time integration scheme (large time step for advection and small time step for fast waves) may generate spuri-
ous vorticity (due to noncancellation of the pressure gradient terms with the ‘‘curl’’ of the momentum equation),
and might have more difficulties for this vorticity-centric test. Test like the one presented here are therefore use-
ful for the validation of numerical algorithms that may have the aforementioned issues that are difficult to diag-
nose when running with full-physics for weather predictions or climate simulations.
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